In this work, closed-form expressions for the buckling loads of weakened Timoshenko columns with different boundary conditions and shear force approaches (proportional to the bending rotation or to the total slope) are presented. The crack model used promotes discontinuities in both transversal displacements and rotation due to bending. To solve the buckling problem, the perturbation method is used, considering that the solutions for both the cracked and the uncracked columns are slightly different. This procedure leads to firstorder closed-form expressions for the buckling loads of the Timoshenko cracked column, which were compared with those found by directly solving the corresponding eigenvalue problem, establishing validity limits for these solutions.
Introduction
The analysis of the stability of columns is a topic of great interest in civil, mechanical, aeronautical, nuclear, and offshore engineering. Buckling is one of the most common modes of instability in column-like structures. Buckling of Euler-Bernoulli columns under various end conditions was discussed by Timoshenko and Gere [1] . In addition, the effect of shear deformation in critical buckling loads, as well as the generalized boundary conditions, has recently been discussed by Aristizabal-Ochoa [2, 3] .
It is well known that the presence of cracks, which can appear in structures as a consequence of the manufacturing process as well as during service loads, diminishes the stiffness of the structure, leading to greater displacements for those loads as well as decreased buckling loads and natural frequencies.
A widely used method to analyse the mechanical behaviour of damaged (weakened) Euler-Bernoulli columns is to consider them as two columns connected at the cracked section by a rotational spring, whose stiffness is related to the crack size and the geometry of the cross section [4] . This model requires the continuity of displacements, bending moment, and shear force and it promotes a discontinuity in the slope of the column deflection proportional to the bending moment transmitted.
For the case of Timoshenko columns, where the effects of shear deformation and rotary inertia are non-negligible, a discontinuity in the transverse deflection at the cracked section must also be considered. This discontinuity must be taken into account from the analysis of local flexibility of a cracked column element (according to Okamura et al. [5] and Tharp [6] ).
For the case of weakened Euler-Bernoulli columns, Wang et al. [7] have determined the exact buckling-load values of weakened columns with several end conditions, using the concept of rotationally restrained junction. Caddemi and Calió [8] have solved the problem of buckling of the multi-cracked Euler-Bernoulli column. The presence of a concentrated crack is modelled considering singularities in the flexural stiffness by means of Dirac's delta distributions. Biondi and Caddemi [9, 10] showed that this method is equivalent to the internal rotational spring. Loya et al. [11] proposed first-order closedform expressions derived for the buckling loads from the perturbation method.
For the case of uniform Timoshenko cracked columns, the exact buckling-load values can be determined using the procedure presented by Arboleda-Monsalve et al. [12] , Zapata-Medina et al. [13] for single crack and by Li [14] for multistep cracked columns with shear deformation. It should be noted that the discontinuity in the transverse displacement is not taken into account in the aforementioned works. The stability and vibration of a non-uniform Timoshenko column with a single crack has been studied by Takahashi [15] , while Li [16] obtained exact solutions for buckling of multi-step non-uniform columns with an arbitrary number of cracks.
In this work, first-order closed-form expressions for the buckling loads of a weakened Timoshenko column with different boundary conditions are presented. The approximate expressions were formulated using the perturbation method, considering that the solutions for the cracked and the uncracked columns are slightly different. This procedure has been used previously to calculate the critical buckling loads of Euler-Bernoulli columns [11] as well as the natural frequencies of bending vibrations of Timoshenko columns [17] . The first-order solutions reached using this method are compared with those found by applying other procedures, establishing validity limits between them.
Problem formulation
Let us consider an uncracked Timoshenko column of length L, uniform cross-section A, and moment of inertia about the neutral axis, I, subjected to a constant compressive axial load P with specified boundary conditions. Considering the following relationships between bending moment, M(x), shear force, Q (x), axial load, P, transverse deflection y(x), and bending rotation ϕ(x), we find that the transverse and bending equations of equilibrium of the Timoshenko column differential element are
with
and shear force, taken into account in this work according to two different approaches: proportional to the bending rotation ϕ or to the total slope of the member axis ( ∂y(x) ∂x ), as proposed by Timoshenko and Gere [1] .
Shear component proportional to the bending rotation ϕ
Assuming that
the coupled equilibrium equations are in terms of displacements:
where E is the Young modulus, G the shear modulus and κ is a coefficient introduced to account for the geometry-dependent distribution of the shear stress. Using the new dimensionless variables given by
we can write Eqs. (5) and (6) as:
where (·) ′ represents the derivative with respect to ξ . Deriving Eq. (7) two times and Eq. (8) once, we get:
Substituting ϕ ′′′ (ξ ) from Eq. (10) into Eq. (9):
and using Eq. (7), we get the following expression:
Then, the general solution of the transverse deflection of the column Y (ξ ) takes the form:
Considering the relations between Y (ξ ), ϕ(ξ ), and its derivatives, given by Eqs. (7) and (8), we can write the rotation due to bending ϕ(ξ ):
where
2 ) and C 1 , C 2 , C 3 , C 4 are constants specified with the boundary conditions at the end supports:
• Simply supported end:
• Free end:
with ξ s = 0 and ξ s = 1 at corresponding end supports of the column.
Let us now consider that the column has a crack of depth a, always open, and located at a distance L * from the lower support (see Fig. 1 ).
Following the method proposed by Freund and Hermann [4] and further used by other authors [7, [18] [19] [20] [21] [22] [23] [24] [25] , we can model the cracked column as two columns connected at the cracked section by a rotational spring having stiffness that is related to the crack size and the geometry of the cross section. This model leads to discontinuities in transversal displacement and in rotation due to bending being proportional, respectively, to shear force and bending moment transmitted by the cracked section [5, 6] :
where ∆(·) represents the jump (·) x=L * + − (·) x=L * − in these equations, W is the width of the column, and q(α) and Θ(α) are functions that depend on the crack-length to width ratio α = a/W and on the column cross-section geometry. In case of a rectangular cross-section, the function Θ(α) can be written as [26] Θ 
and the function q(α), obtained from the work by Tharp [6] is given by
With the use of the new variables:
Eqs. (19) and (20) take the form:
Then, the problem consists on solving the following set of equations:
subjected to the compatibility following conditions at the cracked section (ξ = β):
• Jump in the transverse deflection:
• Jump in the slope deflection:
• Continuity of the bending moment:
(32)
• Continuity of the shear force:
Shear component proportional to the total slope ∂y(x) ∂x
If the shear-force component is assumed to be proportional to the total slope, then
the coupled equations for the equilibrium-state Eqs. (1) and (2) can be written now as
If the same procedure as in the first approach is followed, the solution of the problem for the case F 2 s
Then, the general solution of the transverse deflection of the column Y (ξ ), takes the form of Eqs. (14)- (15) with 4 obtained from the new boundary conditions:
In the case of a cracked column, when the new definition of shear-force of Eq. (34) in the method described before is considered, the problem consists of solving the following set of equations
subjected to the compatibility conditions at the cracked column:
and the boundary conditions at each end support.
Direct method of solution
A direct solution can be achieved by analysing separately the two segments lying on either side of the crack. The solution for each segment (Y 1 , ϕ 1 ) on the first part and (Y 2 , ϕ 2 ) on the second part of the column can be written as
The values of the eight constants C 1 to C 8 are determined using the four boundary conditions (two for each end) and the four compatibility conditions at the cracked section. The linear algebraic homogeneous system to be solved is
(47)
For non-trivial solutions of C j , the determinant of the coefficients' matrix A ij must be zero
The lower value of F that satisfies the above condition is the first critical buckling load F * c .
First-order perturbative solution
The perturbation method can be applied to solve Eqs. (26)- (29) and (39)-(42) as alternative to the direct solution. The perturbative solution is reached by extending the method originally proposed by Morassi [19] for the bending vibrations of a cracked Euler-Bernoulli column, under the assumption that the solution for the cracked and uncracked columns are slightly different. Since two springs connecting the two segments of the column have been considered, the solutions can be expanded in a Taylor series with respect to the small parameters, ε R and ε T , related with the flexibilities of the rotational and transversal springs, respectively. Depending on the shape of the cross-section and on the shape of the crack, the order of smallness of both flexibilities could be different. Thus, for example, the solution for the transversal displacement of the first segment of the column should be written as
However, for the special case of the rectangular cross-section, the two flexibilities have the same order on α (Θ(α) = O(α 2 ) and q(α) = O(α 2 )) (see Eqs. (21) and (22)) and, therefore, it is reasonable to expand the solution with respect to a single parameter. Accordingly, the following expansions are introduced:
where ε is a small parameter of the same order as the flexibility of the linear spring representing the crack, F c is the first critical buckling load of the uncracked column, and V 1 (ξ ), V 2 (ξ ), and µ 2 are variables of the problem that have to be determined as a part of the solution.
Note that the above expansions are valid for the case of simple eigenvalues. A discussion about the multiplicity of eigenvalues related to the bending vibrations of Timoshenko columns can be found in the works by Geist and McLaughlin [27] and van Rensburg and van der Merwe [28] . In the case of multiple eigenvalues, the standard Taylor expansion must be modified as explained in the classical book by Courant and Hilbert [29] .
The mode shapes for displacement, Y (ξ ), and slope, ϕ(ξ ), for the uncracked Timoshenko column, as well as the first (lower) eigenvalue, Ω, with different boundary conditions have the following expressions:
ϕ(ξ ) = λC 1 cos(Ωξ ) Ω = π .
• Clamped-pinned
• Clamped-free
• Clamped-clamped
where Ω and λ have the expressions corresponding to the two different shear force definitions considered and C 1 and C 2 are arbitrary constants. Following a standard procedure (see [28] for instance), it can be seen that the first eigenvalue for all the cases considered are simple eigenvalues and then, the expansions given by Eqs. (50)- (54) are valid.
Shear component proportional to the bending rotation
If the first-order terms are kept after substituting the new variables into Eqs. (26)- (29):
The above equations are solved, including the following boundary and compatibility conditions:
(a) Boundary conditions:
• Free end: ψ
with i = 1 and ξ s = 0 for the first part of the column, and i = 2 and ξ s = 1 for the second one. (b) Compatibility conditions at the cracked section (ξ = β):
• Continuity of the bending moment: ψ
• Continuity of the shear force: 
When we integrate by parts, Eq. (71) becomes:
being:
Taking into account Eqs. (7)- (8), and considering the boundary and the compatibility conditions,
we get
Therefore, from Eqs. (54), (72), (77) and (78), a closed-form expression for F * c can be reached as
From the mode shapes corresponding to the boundary conditions, Eqs. (55)- (59), it can be seen that the denominator is different from zero. Note that the difference of buckling loads are proportional to the square of the bending moment and shear force transmitted by the cracked section.
This method provides a closed expression for the first buckling load of Timoshenko cracked columns with simple boundary conditions from the well-known buckling modes Y (ξ ), ϕ(ξ ) of the uncracked column.
Shear component proportional to the total slope
From Eqs. (39)- (42), the first-order perturbative terms take the form:
with boundary conditions at the end supports (ξ s = 0, ξ s = 1):
and compatibility conditions at the cracked section (ξ = β):
and when the same method explained above is followed, the closed-form expression for F c * now takes the form:
proportional, also in this case, to the square of the bending moments and shear forces transmitted by the cracked section. As in the previous case, note that the denominator of the above expression never vanish.
Results

Application to simply supported cracked columns
Shear component proportional to the bending rotation
For the particular case of a simply supported Timoshenko cracked column with different crack severities, η m , and cracked section positions, β, the aforementioned methods have been applied.
The direct method (Section 3) was implemented by substituting the boundary conditions for the simply supported column, (Eq. (17)) and the compatibility conditions, (Eqs. (67)- (70) Alternatively, the critical buckling load can be obtained using the proposed first-order perturbative solution. The mode shapes for a uniform simply supported uncracked Timoshenko column take the form given in Eq. (55). The corresponding first critical buckling load (for an uncracked simply supported column), F c , can be calculated from Eq. (13) with Ω = π .
When these modes are substituted in Eq. (79), the following expression for the first critical load for a weakened column, F * 2 c , is obtained:
In this case, the shear force is null in the whole column and only bending moment is transmitted by the cracked section affecting the calculated critical buckling load.
Shear component proportional to the total slope
When the expressions of transverse deflection and slope given by Eq. (55) are introduced into Eq. (84), the closed form expression for the first critical buckling load for simply supported cracked columns and shear-force, taking into account the second approach, takes the form
where F c is calculated from Eq. (38) with Ω = π .
Again, the shear force is equal to zero at any section of the column and only the transmitted bending moment affects the calculated critical buckling load.
However, note that the first critical load is slightly different from that calculated by the previous model. The reason is that both critical load for the uncracked column, bending moment transmitted by the cracked section, as well as the denominator of Eq. (84), differ from those corresponding to that obtained with the hypothesis that the shear force is proportional to the bending rotation. 
Comparison between both shear component definitions
Application to cantilever cracked columns
Shear component proportional to the bending rotation
According to the perturbative method proposed, and using the mode shapes of transverse deflection and slope given by Eq. (57) into Eq. (79), the expression for the first critical load in the case of a cantilever cracked column is
with F c calculated from Eq. (13) with Ω = π /2.
As in the pinned-pinned column, only the bending moment transmitted by the cracked section is considered to evaluate the critical load of the weakened column, due to the nullity of the shear force at any section. 
Shear component proportional to the total slope
In the case of the shear component proportional to the total slope, the first critical buckling load for a cantilever cracked column using the perturbation method has the form:
where F c is obtained from Eq. (38) with Ω = π /2.
Again, the shear force is zero and only the bending moment is considered to evaluate the critical buckling load.
Comparison between both shear component definitions
For the same column characteristics and crack locations as in the previous study, the variation of F * c obtained from the first-order solution for both shear component definitions, Eqs. (87) and (88), (normalized with the buckling load corresponding to an uncracked cantilever Euler-Bernoulli column, F 0 = π/2) with η m is shown in Fig. 3 
Application to clamped-pinned cracked columns
In the cases presented above, shear force is null in the whole column due to the boundary conditions considered. However, in the case of a clamped-pinned column both bending moment and shear force are present at the cracked section and the influence of both effects can be considered together.
Shear component proportional to the bending rotation
If the shear component is considered proportional to the bending rotation, the first critical buckling load, Eq. (79), for a clamped-pinned cracked column can be written as
where F c and Ω c are calculated solving the following system of equations:
Shear component proportional to the total slope
If the shear component is considered proportional to the total slope, (Eq. (84)) the first critical buckling load for a clamped-pinned cracked column takes the form
where F c and Ω c were calculated
2 ). 
Comparison between both shear component definitions
Conclusions
This work provides direct and perturbative solutions for determining the buckling loads of weakened Timoshenko columns with different boundary conditions, and different considerations of the shear component: proportional to the bending rotation or to the total slope.
The crack model used considers the weakened column as two segments connected by two massless springs (one extensional and another rotational). The differential equations for the buckling are established and solved individually for each segment with the corresponding boundary conditions and the appropriate compatibility conditions at the cracked section, including discontinuities in the rotation due to bending moment as well as in the transverse deflection due to shear force.
Cracked columns with several boundary conditions, different cracked section locations β and different crack severities η m have been considered. The first buckling load has been obtained by the first-order perturbation method and compared with those reached by the direct solution.
For the cases of simply supported and cantilever cracked columns, the results obtained show a good agreement between both methods for shallow cracks, with a difference less than 5% for η m ≤ 0.13 (corresponding to α ≤ 0.3 with W /L = 0.15).
For these cases, the shear force is null in the whole column and the cracked section transmits only bending moment. However, different definitions of the shear component have a direct influence on the corresponding F * c expression, as well as on the first buckling load of the uncracked column F c , giving slight differences in the solution.
In the clamped-pinned case, where the critical load of the weakened column gathers both bending moment and shear force terms, the differences between the first critical buckling load obtained with the direct method and the perturbation techniques are less than 5% for η m ≤ 0.27 for the crack locations analysed.
Attending to the results obtained by the direct and perturbative methods presented, differences due to the shear component definitions are minimal.
The perturbation method provides closed-form expressions for the critical buckling load of Timoshenko cracked columns with different boundary conditions and different definitions of the shear component.
